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Differential Equations ~ Cheat Sheet

1. TRIGONOMETRIC IDENTITIES

Sine, Cosine and Tangent:

sin(x +y) = sin x cos y + cos x sin y sin(x - y) =sin x cOsS y - cos x sin y
COS(x +y)=C0S x COS y - Sin x sin y COS(x - ) = COS x COS y + Sin x sin y
_ _tanx+tany _ _tanx—tany
tan(x +y) = 1—-tanxtany tan(x -y) = 1+tanxtany
, , . + — . . + . —
sin x + sin y=2 sin xzy cos xzy sin x - sin y =2 cos xzy sin xzy
x+y X—y .o Xty . x—y
COS x + COS y =2 COS 5~ C0S — COS x - COS y = -2 sin 5> sin—
2 sin x sin y = cos(x - y) - coS(x + ) 2 COS x COS y = cos(x +y) + cos(x - y)
2 sinx cos y = sin(x + y) + sin(x - y)
Hyperbolic Sine, Hyperbolic Cosine and Hyperbolic Tangent:
. 1 1 , x_ —X
sinh x = 7(e" -¢e%) cosh x = T(ex +e™) tanh x = ex e_x
e +e
. 1 1+
sinh x=In(x +4/x* + 1) cosh™ x = In(x+/x" — 1) tanh™ x=="In 1_i
sinh(x + y) = sinh x cosh y + cosh x sinh y sinh(x - y) = sinh x cosh y - cosh x sinh y
cosh(x +y) = cosh x cosh y + sinh x sinh y cosh(x - y) = cosh x cosh y - sinh x sinh y
_ _tanhx + tanhy __tanhx —tanhy
tanh(x +y) = 1+ tanh x tanh y tanh(x - y) = 1—tanhx tanhy
, . . + — . . + . —
sinh x + sinh y = 2 sinh xzy cosh = zy sinh x - sinh y =2 cosh x2y sinh x2y
+ - , + . —
cosh x + cosh y =2 cosh ad > Y cosh = > Y coshx- cosh y=-2 sinh ad > Y smh%
2 sinh x sinh y = cosh(x + y) - cosh(x - y) 2 cosh x cosh y = cosh(x + y) + cosh(x - y)

2 sinh x cosh y = sinh(x + y) + sinh(x - y)
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2. DERIVATIVES AND INTEGRALS

Function, f(x)

Derivative, 1 ‘(x)

Integral, F(x) (+ C)

sin x COS x —COS x

COS x —sin x sin x

tan x sec? x In |sec x|

Sec x sec x tan x In |sec x + tan x| =In |tan % + %|
CcSsC x —Csc x cot x —Injcsc x + cot x| = In |tan %|
cot x —csc? x In|sin x|

sinh x cosh x cosh x
cosh x sinh x sinh x

tanh x sech? x In cosh x
sech x —sech x tanh x 2 tan” tanh =-=tan™' sinh x
csch x —csch x coth x —In|csch x + coth x| = In [tanh %|
coth x —csch? x In |sinh x|

Function, f(x)

Derivative, 1 ‘(x)

Function, f(x)

Integral, F(x) (+ C)

sin x

cos™ x

tan™ x

sec x

sinh™ x

cosh™ x

tanh™ x,
coth™ x

X
a

sin™

2 |=

sec’

. 4 X
sinh™ —
a
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3. LINEAR DIFFERENTIAL EQUATIONS

Particular Integrals for Nonhomogeneous Differential Equations

S x) Trial function
1 C
x", for integer n Cx"+Dx"'+ ...+ C,
k Ck'
e Ce~
x e (Cx+ D) e
x" e (CxX"+Dx""' + ... + Gy e~
sin px or cos px C sin px + D cos px
e™ sin px or e cos px (C sin px + D cos px) e©

x"esinpx or x"eFcospx  (Cx"+Dx"'+ ... + Co)(Cs sin px + Cc cos px) e

For nonhomogeneous difference equations, replace x with the index = in the above.
Variation of Parameters

For linear nonhomogeneous second-order differential equations, ay” + by’ + cy = f(x):

Yo f () yif ()

Y1 Y2
= dr —
ypr(x) =y W () L= Y2 W(2)

YL Y

dx, where W(z)=

For linear nonhomogeneous systems of differential equations, x’= Ax + f(¢):
xpr(t) = X/X—lf(t) dt, where X = [X1 Xy o+ Xn}

Complementary Solutions to Linear Systems of Differential Equations

For a 2 x 2 homogeneous autonomous linear system x’ = Ax, the general solution is

creMtu, + cpe?tu, if A1 are real
x(t) = ¢ cre®(uy cos Bt + ugsin Bt) + c2e®(uy cos ft — ugsin ft)  if Ao = a & i are complex
creMu + cpe(ut +v), for any v: (A — A)v =u if X is a repeated defective eigenvalue

where 1 is an eigenvalue of A and u is the corresponding eigenvector.


https://www.codecogs.com/eqnedit.php?latex=%20y_%7BPI%7D(x)%20%3D%20y_1%20%5Cint%20%5Cfrac%7By_2%20f(x)%7D%7BW(x)%7D%20%5C%20dx%20-%20y_2%20%5Cint%20%5Cfrac%7By_1%20f(x)%7D%7BW(x)%7D%20%5C%20dx%2C%20%5C%20%5C%20%5C%20%5Ctext%7Bwhere%7D%20%5C%20%5C%20%5C%20W(x)%20%3D%20%5Cbegin%7Bvmatrix%7D%20y_1%20%26%20y_2%20%5C%5C%20y_1'%20%26%20y_2'%20%5C%5C%20%5Cend%7Bvmatrix%7D%20#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Cmathbf%7Bx%7D_%7BPI%7D(t)%20%3D%20%5Cmathbf%7BX%7D%20%5Cint%20%5Cmathbf%7BX%7D%5E%7B-1%7D%20%5Cmathbf%7Bf%7D(t)%20%5C%20dt%2C%20%5C%20%5C%20%5C%20%5Ctext%7Bwhere%7D%20%5C%20%5C%20%5C%20%5Cmathbf%7BX%7D%20%3D%20%5Cbegin%7Bbmatrix%7D%20%5Cmathbf%7Bx%7D_1%20%26%20%5Cmathbf%7Bx%7D_2%20%26%20%5Ccdots%20%20%26%20%5Cmathbf%7Bx%7D_n%20%5C%5C%20%5Cend%7Bbmatrix%7D%20#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Cmathbf%7Bx%7D(t)%20%3D%20%5Cbegin%7Bcases%7D%20c_1%20e%5E%7B%5Clambda_1%20t%7D%20%5Cmathbf%7Bu%7D_1%20%2B%20c_2%20e%5E%7B%5Clambda_2%20t%7D%20%5Cmathbf%7Bu%7D_2%20%26%20%5Ctext%7Bif%7D%20%5C%20%5Clambda_%7B1%2C2%7D%20%5C%20%5Ctext%7Bare%20real%7D%20%5C%5C%20c_1%20e%5E%7B%5Calpha%20t%7D%20(%5Cmathbf%7Bu%7D_1%20%5Ccos%20%5Cbeta%20t%20%2B%20%5Cmathbf%7Bu%7D_2%20%5Csin%20%5Cbeta%20t)%20%2B%20c_2%20e%5E%7B%5Calpha%20t%7D%20(%5Cmathbf%7Bu%7D_1%20%5Ccos%20%5Cbeta%20t%20-%20%5Cmathbf%7Bu%7D_2%20%5Csin%20%5Cbeta%20t)%20%26%20%5Ctext%7Bif%7D%20%5C%20%5Clambda_%7B1%2C2%7D%20%3D%20%5Calpha%20%5Cpm%20%5Cbeta%20i%20%5C%20%5Ctext%7Bare%20complex%7D%20%5C%5C%20c_1%20e%5E%7B%5Clambda%20t%7D%20%5Cmathbf%7Bu%7D%20%2B%20c_2%20e%5E%7B%5Clambda%20t%7D%20(%5Cmathbf%7Bu%7Dt%20%2B%20%5Cmathbf%7Bv%7D)%2C%20%5C%20%5Ctext%7Bfor%20any%7D%20%5C%20%5Cmathbf%7Bv%7D%20%3A%20(%5Cmathbf%7BA%7D%20-%20%5Clambda%20%5Cmathbf%7BI%7D)%20%5Cmathbf%7Bv%7D%20%3D%20%5Cmathbf%7Bu%7D%20%26%20%5Ctext%7Bif%7D%20%5C%20%5Clambda%20%5C%20%5Ctext%7Bis%20a%20repeated%20defective%20eigenvalue%7D%20%5Cend%7Bcases%7D%20#0
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4. NUMERICAL METHODS
For a first-order differential equation of the form % = f(x, y), iterating with x,,, = x, + &:

Euler’s Method:
Ynt+1 = Yn + hf<xn7 yn)

Heun’s Method:
Qn—kl = Un + hf(xna yn)

1 .
Yn+1 = Yn + §h (f(xna yn) + f(xn—i—la yn—i—l))

Runge-Kutta 4th-order Method:
1
Yn+1 = Yn + gh (knl + 2kn2 + 2kn3 + kn4)

1 1
knl = f(xnayn)a an = f(.flfn + §hayn + §hkn1)7

1 1
kn3 - f(ﬂ?n + §h7 Yn + §hkn2)7 kn4 = f(xn + h/, Yn + hk’n:;)

5. FROBENIUS METHOD
For a differential equation Y +p(@)y +q(x)y =0, the indicial equation is

k(k—1)4uok+vy = 0, whereuy = lim (z—x0)p(x), vo = lim (z—x¢)%q(z).

T—x0 T—T0

Let the solutions to the indicial equation be &, and k,. The general solution has two
linearly independent power series solutions y, and y, given by the Frobenius series:

Case 1: k, — k, is not an integer
oo oo
n=0
Case 2: k is a repeated root

- o
Y1 = Z an(iﬁ — l’o)m—k, Y2 = Y1 In |:E — x0| + Z bn(.T _ $0)n+k-
n=0 —
Case 3: k, — k, is a nonzero integer

Y1 = Z an(-I' — xo)nJrkl, Yo = TY1 In |1‘ — x0| —+ Z bn(l’ _ xo)nJer.
n=0

n=0


https://www.codecogs.com/eqnedit.php?latex=%20y_%7Bn%2B1%7D%20%3D%20y_n%20%2B%20h%20f(x_n%2C%20y_n)%20#0
https://www.codecogs.com/eqnedit.php?latex=%20%5Chat%7By%7D_%7Bn%2B1%7D%20%3D%20y_n%20%2B%20h%20f(x_n%2C%20y_n)%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y_%7Bn%2B1%7D%20%3D%20y_n%20%2B%20%5Cfrac%7B1%7D%7B2%7D%20h%20%5Cleft%20(%20f(x_n%2C%20y_n)%20%2B%20f(x_%7Bn%2B1%7D%2C%20%5Chat%7By%7D_%7Bn%2B1%7D)%20%5Cright%20)%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y_%7Bn%2B1%7D%20%3D%20y_n%20%2B%20%5Cfrac%7B1%7D%7B6%7D%20h%20%5Cleft%20(%20k_%7Bn1%7D%20%2B%202%20k_%7Bn2%7D%20%2B%202%20k_%7Bn3%7D%20%2B%20k_%7Bn4%7D%20%5Cright%20)%20#0
https://www.codecogs.com/eqnedit.php?latex=%20k_%7Bn1%7D%20%3D%20f(x_n%2C%20y_n)%2C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20k_%7Bn2%7D%20%3D%20f(x_n%20%2B%20%5Cfrac%7B1%7D%7B2%7Dh%2C%20y_n%20%2B%20%5Cfrac%7B1%7D%7B2%7Dhk_%7Bn1%7D)%2C%20#0
https://www.codecogs.com/eqnedit.php?latex=%20k_%7Bn3%7D%20%3D%20f(x_n%20%2B%20%5Cfrac%7B1%7D%7B2%7Dh%2C%20y_n%20%2B%20%5Cfrac%7B1%7D%7B2%7Dhk_%7Bn2%7D)%2C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20k_%7Bn4%7D%20%3D%20f(x_n%20%2B%20h%2C%20y_n%20%2B%20hk_%7Bn3%7D)%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y''%20%2B%20p(x)%20y'%20%2B%20q(x)%20y%20%3D%200%20#0
https://www.codecogs.com/eqnedit.php?latex=%20k(k%20-%201)%20%2B%20u_0k%20%2B%20v_0%20%3D%200%2C%20%5C%20%5C%20%5Ctext%7Bwhere%7D%20%5C%20u_0%20%3D%20%5Cdisplaystyle%20%5Clim_%7Bx%20%5Cto%20x_0%7D%20(x%20-%20x_0)%20p(x)%2C%20%5C%20%5C%20v_0%20%3D%20%5Cdisplaystyle%20%5Clim_%7Bx%20%5Cto%20x_0%7D%20(x%20-%20x_0)%5E2%20q(x).%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y_1%20%3D%20%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%20a_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k_1%7D%2C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20y_2%20%3D%20%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%20b_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k_2%7D.%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y_1%20%3D%20%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%20a_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k%7D%2C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20y_2%20%3D%20y_1%20%5Cln%20%5Cleft%20%7C%20x%20-%20x_0%20%5Cright%20%7C%20%2B%20%5Csum_%7Bn%3D1%7D%5E%7B%5Cinfty%7D%20b_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k%7D.%20#0
https://www.codecogs.com/eqnedit.php?latex=%20y_1%20%3D%20%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%20a_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k_1%7D%2C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20%5C%20y_2%20%3D%20r%20y_1%20%5Cln%20%5Cleft%20%7C%20x%20-%20x_0%20%5Cright%20%7C%20%2B%20%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%20b_n%20(x%20-%20x_0)%5E%7Bn%20%2B%20k_2%7D.%20#0
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6. STABILITY CRITERIA FOR LINEAR SYSTEMS

dx
For a continuous-time linear autonomous system modelled by T Ax,

Equilibrium Type Eigenvalues of A Stability
, 1 <0 — stable
Node Real 4, same signs 1> 0 — unstable
: . depends on initial
Saddle point Real 1, opposite signs conditions
Centre / Limit Cycle A purely imaginary marginally stable
. Re{l} <0 — stable
Focus / Spiral Complex 4, Re{l} #0 Re{} > 0 — unstable
Degenerate Node Repeated A>0 — stable
Lines of Equilibria One eigenvalue 1 =0 other 1 <0 — stable

For a continuous-time linear system with transfer function G(s),

e The poles of G(s) with Re(s) < 0 are asymptotically stable.
e The simple poles of G(s) with Re(s) = 0 are marginally stable.
e All other poles are unstable.

For a discrete-time linear system with transfer function G(z),

e The poles of G(z) with |z| <1 are asymptotically stable.
e The simple poles of G(z) with |z| =1 are marginally stable.
e All other poles are unstable.
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7. LAPLACE TRANSFORMS

F(s) = L{f(t)} = / " F(et di

/), F{(s), 1), F{(s),
=0 sEC t>0 seC
1 . w
1 = u(t) - sinh wt o
S
o(t) 1 cosh wt Z_
u(t — a) es P x(t) X(s + a)
5(t — a) e " u(t — a)x(t — a) e X(s)
1 dx
t K t x(t) ~ s
n!
t il ax(t) + by(t) aX(s) + bY(s)
—at 1 dx -
€ s+a dt sX(s) = x(0)
2
n —at n! dx 2 ,
e (S+a)n+1 e s X(s) — sx(0) — x'(0)
w d"x n "ok W
sin wt 2 — s X(s) — X s x (0)
s tw dt k=0
t
S
cos wt 2 [ x(1) dt )
s tw 0 S
2ws t
t sin wt o 2 [x(D) y(t — 1)dr X(s) Y(s)
(S + w ) 0
SZ o » * —ans
2 —
t cos wt (sz 4 wz) x(t) ,Eo o(t — an) 2 x(an) e
—at . - »
e Ssinwt 2 2
(s+a) +w
st+a
—at 2 2z
e coswt (s+a) +

(u(+): Heaviside step function, J(+): Dirac delta function.)

Initial value theorem:

Final value theorem:

£(01) = lim sF(s)

s— oo

lim f(t) = lim sF(s),

t—

s—0

if F(s) is asymptotically stable.
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oo
8. Z-TRANSFORMS F(z)=Z{f.} = Z foz 7k
k=0
Jos F(z) Jos F(2),
n=0,1,2... ze C n=0,1,2... ze C
1
1 —_ Yo zY(2) — zy,
-1
az -1
an — .z Y1 z Y(@)+y,
(1-2")
m+m-1!  n+m-1 N 2 2
nl(m—-1! - (1-27) Yota z2Y(2) -2y~ 2y
—an 1 -2 -1
e 1 _ e—a Z—l yn—z Z Y(Z) + z y—l + y_z
sin on L y. " Y(z %) *
1—-2z cosw+z
1-2 ' cosw " Y (z)
cos wn - - X, 1
1-2z cosw+z k=0 1-z
asin(w(n + 1)) — b sin wn L 1-bz '
sin w 1-2az '‘cosw+az
-1 )
n a+rz (bsinw—acosw)
(acoswn + bsinwn)r 1 > 2
1—-1rz cosw+rz
Y Yz )
n -1
ay, Y(a 2)
ax +by. aX(z) + bY(2)
dYy
n _ L,
Y, z
n
]EO kYt X(2) Y(2)
Initial value theorem: f,= lim F(z)
7= oo
Final value theorem: lim fn = lim (z — 1) F(2), if F(z) is asymptotically stable.
n— o z—1

Sampling of Continuous-Time Signals:forr € R:t>0, TER:T7>0, n € Z:n>0 and s € C

[oe]

If x, := x(nT) then the Z-transform of x, is the Laplace transform of x(t) Y 6(t — nT) with z =¢".

n=0



